




















Integrability of generalized Lie equations
Eugen Paal
Abstract
Integrability of generalized Lie equations of a local analytic Moufang loop is inquired.
2000 MSC: 20N05, 17D10
1 Introduction
In this paper we proceed explaing the Moufang symmetry. The paper can be seen as a continu-
ation of [1, 2].
2 Generalized Lie equations






















+ wij(gh) = 0 (2.1c)








j (g) + w
s
j (g) = 0 (2.2)
In this paper we inquire integrability of GLE (2.1a–c). Triality [2] considerations are wery
helpful.
3 Generalized Maurer-Cartan equations and Yamagutian


















Lx +Rx +Mx = 0
Following triality [2] define the Yamagutian Y (x; y) by
6Y (x; y) = [Lx, Ly] + [Rx, Ry] + [Mx,My]
We know from [2] the generalized Maurer-Cartan equations:
[Lx, Ly] = L[x,y] − 2[Lx, Ry] (3.1a)
[Rx, Ry] = R[y,x] − 2[Rx, Ly] (3.1b)
[Lx, Ry] = [Rx, Ly], ∀x, y ∈ Te(G) (3.1c)
The latter can be written [2] as follows:






















































The Yamaguti functions Y ijk are defined by
6Y sjk(g)
.


















By adding the above formulae, we get
Y (x; y) = −xjykY sjk(g)
∂
∂gs
Lemma 3.1. One has
uijk
.




i + 2vi) (3.3a)
vijk
.




i + vi) (3.3b)
wijk
.







Proof. To see (3.3a,b) use (3.2a,c) . To see (3.3c) calculate by using (3.2):
[Mx,My] = [Lx +Rx, Ly +Ry]
= [Lx, Ly] + [Lx, Ry] + [Rx, Ly] + [Rx, Ry]
= [Lx, Ly] + 2[Lx, Ry] + [Rx, Ry]






and (3.3b) easily follows.
4 Integrability conditions







= Y ijk(gh) (4.1)





















































Now multiply (4.3a) by wpk(g) and (4.3b) by u
p
k(g) and add the resulting formulae. On the right
hand side of the resulting formula use again the GLE (2.1a); then transpose the indexes j and
k and subtract the result from the previous one. Then it turns out that due to (4.2) all terms























Now add (4.4), (4.5a) and (4.5b) to obtain (4.1).
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